Abstract. In this note we consider weighted conditional type operators between different Orlicz spaces and generalized conditional type Hölder inequality that we defined in [2]. Then we give some necessary and sufficient conditions for boundedness of weighted conditional type operators. As a consequence we characterize boundedness of weighted conditional type operators and multiplication operators between different L p -spaces. Finally, we give some upper and lower bounds for essential norm of weighted conditional type operators.
Introduction and Preliminaries
The continuous convex function Φ : R → R is called a Young's function whenever For a sub-σ-finite algebra A ⊆ Σ, the conditional expectation operator associated with A is the mapping f → E A f , defined for all non-negative, measurable function f as well as for all f ∈ L 1 (Σ) and f ∈ L ∞ (Σ), where E A f , by the Radon-Nikodym theorem, is the unique A-measurable function satisfying
As an operator on
Thus it can be defined on all interpolation spaces of L
1
and L ∞ such as, Orlicz spaces [1] . We say the measurable function f is conditionable with respect to σ-subalgebra A ⊆ Σ if E A (f ) is defined. If there is no possibility of confusion, we write E(f ) in place of E A (f ). This operator will play a major role in our work and we list here some of its useful properties:
A detailed discussion and verification of most of these properties may be found in [3] . We recall that an A-atom of the measure µ is an element A ∈ A with µ(A) > 0 such that for each F ∈ A, if F ⊆ A, then either µ(F ) = 0 or µ(F ) = µ(A). A measure space (Ω, Σ, µ) with no atoms is called a non-atomic measure space. It is well-known fact that every σ-finite measure space (Ω, Σ, µ) can be partitioned uniquely as Ω = n∈N C n ∪B, where {C n } n∈N is a countable collection of pairwise disjoint Σ-atoms and B, being disjoint from each C n , is non-atomic [6] .
Let f ∈ L Φ (Σ). It is not difficult to see that Φ(E(f )) ≤ E(Φ(f )) and so by some elementary computations we get that N Φ (E(f )) ≤ N Φ (f ) i.e, E is a contraction on the Orlicz spaces. As we defined in [2] , we say that the pair (E, Φ) satisfies the generalized conditional-type Hölder-inequality (or briefly GCH-inequality) if there exists some positive constant
where Ψ is the complementary Young's function of Φ. There are many examples of the pair (E, Φ) that satisfy GCH-inequality in [2] . This work is the continuance of [2] . In this paper we investigate boundedness of weighted conditional type operators between different Orlicz spaces by considering GCH-inequality. The results of the section 2 generalizes some results of [2] and [5] .
In section 3 we find some upper and lower bounds for weighted conditional type operators on Orlicz spaces.
Bounded weighted conditional type operators
First we give a definition of weighted conditional type operator.
Definition 2.1. Let (Ω, Σ, µ) be a σ-finite measure space and let A be a σ-subalgebra of Σ such that (Ω, A, A) is also σ-finite. Let E be the corresponding conditional expectation operator relative to A. If u ∈ L 0 (Σ) (the spaces of Σ-measurable functions on Ω) such that uf is conditionable and
, where D is a linear subspace, then the corresponding weighted conditional type operator (or WCT operator) is the linear transformation
In the first theorem we give some necessary conditions for boundedness of R u :
, when Φ Ψ and some sufficient conditions, when Φ Ψ.
globally). Moreover, if (E, Ψ) satisfies the GCH-inequality and Ψ
has the finite subset property, we can assume that 0 < µ(E n ) < ∞, for all n ∈ N. By definition of E n we have
Since Φ Ψ and the Orlicz's norm is monotone, thus there exists a positive constant c such that
This implies that R u isn't bounded. Therefor E(u) should be essentially bounded.
and so E n ∈ A. Since Ψ ∈ △ ′ , then Ψ * ∈ ▽ ′ , i.e., ∃b > 0 such that
, is also bounded. Hence for each k > 0 we have
Thus
Now for the case that µ(Ω) = ∞ and Ψ Φ globally, easily we get that
And for the case that µ(Ω) < ∞ and Ψ Φ, there exist c > 0 and T > 0 such that for all t ≥ T we have Ψ(t) ≤ Φ(t). Let
then we have
, respectively for infinite and finite cases. Thus R u is bounded in both cases and
respectively for infinite and finite cases.
Proof. (a) If we prove that the operator Mū : L
is bounded. So we prove the operator Mū is bounded under given conditions. Since Φ * ∈ △ ′ and Θ ∈ ▽ ′ globally, then there exist b, b ′ > 0 such that the following computations holds. Put M = sup n∈N
Therefore the WCT operator R u is bounded. For the other case also by the same way we get that R u is bounded.
Suppose on the contrary. Thus we can find some δ > 0 such that µ({w ∈ B : E(Φ * (ū))(w) > δ}) > 0. Take F = {w ∈ B : E(Φ * (ū))(w) > δ}. Since F ⊆ B is a A-measurable set and A is σ-finite, then for each n ∈ N , there exists F n ⊆ F with F n ∈ A such that µ(
Therefore Ω Φ * ( kūχF n N Ψ * (χF n ) )dµ → ∞ when n → ∞ for each k > 0 and so N Φ * (ūf n ) → ∞ when n → ∞. This is a contradiction. It remains to prove (ii). Let f n = χA n N Ψ * (χA n ) , then we have
Hence we get that
This completes the proof.
In the next proposition we give another necessary condition for boundedness of R u . I think it's better that others. (ii) sup n∈N
Θ for some Young's function Θ. Then the operator WCT operator R u into L Ψ (Σ) is bounded, if the conditions (i) and (ii) hold.
Hence
Consequently we get that
Thus the operator R u is bounded. If Ψ • Φ −1
Θ for some Young's function Θ, by the same method we get that
So this also states that the operator R u is bounded. p ′ , where 1 < p ′ < ∞ and
is a Young's function. These observations and Theorems 2.3, 2.4 give us the next Remark.
, where 1 < p < q < ∞, is bounded if and only if the followings hold:
(ii) sup n≥0
In addition, we get that there is not any non-zero bounded operator of the form
when the underlying measure space is non-atomic.
Specially, if A = Σ, then E = I and so the multiplication operator M u from
Here we recall a fundamental Lemma, which is as an easy exercise. Lemma 2.7. Let Φ i , i = 1, 2, 3, be Young's functions for which
, where (Ω, Σ, µ) is any measure space, then
Theorem 2.8. Let Φ and Ψ be Young's functions an and (E, Φ) satisfies GCH-inequality. In this case if Φ *
By using GCH-inequality we have
Thus for all f ∈ L Φ (Σ) we have
And so the operator R u is bounded.
(ii) Suppose that R u is bounded. So the adjoint operator
Therefore
. This completes the proof.
, where 1 < q < p < ∞, is bounded if and only if (E(|u| 
Essential norm
Let B be a Banach space and K be the set of all compact operators on B. For T ∈ L(B), the Banach algebra of all bounded linear operators on B into itself, the essential norm of T means the distance from T to K in the operator norm, namely T e = inf{ T − S : S ∈ K}. Clearly, T is compact if and only if T e = 0. Let X and Y be reflexive Banach spaces and T ∈ L(X, Y ). It is easy to see that T e = T * e . In this section we assume that a j = µ(A j ), where A j 's are A-atoms.
In the sequel we present an upper bound for essential norm of EM u on Orlicz space L Φ (Σ). For this we first recall some results of [2] for compactness of WCT operator R u . 
(c) If (E, Φ) satisfies the GCH-inequality and N ε (Φ * −1 (E(Φ * (u)))) consists of finitely many A−atoms, for all ε > 0, then T is compact. 
(a) If (E, Φ) satisfies in GCH-inequality and β 2 = inf{ε > 0 : N ε consists of finitely many A-atoms}, where
where C comes from GCH-inequality.
(b) If a n → 0 or {a n } n∈N has no convergent subsequence. Let β 1 = inf{ε > 0 : N ε consists of finitely many A-atoms}, where N ε = N ε (E(u)). Then
Proof (a) Let ε > 0. Then N ε+β2 consist of finitely many A-atoms. Put u ε+β2 = uχ N ε+β 2 and R u ε+β 2 . So R u ε+β 2 is finite rank and so compact. And for every f ∈ L Φ (Σ) we have
)dµ ≤ 1.
This implies that
R u e ≤ R u − R u ε+β 2 ≤ C(β 2 + ε).
This mean's that R u e ≤ Cβ 2 .
(b) Let 0 < ε < β 1 . Then by definition, N β1−ε = N β1−ε (E(u)) contains infinitely many atoms or a non-atomic subset of positive measure. If N β1−ε consists a nonatomic subset, then we can find a sequence {B n } n∈N such that µ(B n ) < ∞ and µ(B n ) → 0. Put f n = χB n NΦ(χB n ) , then for every A ∈ Σ with 0 < µ(A) < ∞ we have
when n → ∞. Also, if N β1−ε consists infinitely many atoms {A ′ n } n∈N . We set f n = χ A ′ n NΦ(χ A ′ n ) . Then for every A ∈ Σ with 0 < µ(A) < ∞ we have
).
If {µ(A n )} n∈N has no convergent subsequence, then there exists n 0 such that for n > n 0 , µ(A ∩ A ′ n ) = 0 and if µ(A n ) → 0 then µ(A ′ n ) → 0. Thus Ω f n χ A dµ = µ(A ∩ A ′ n )Φ −1 ( 1 µ(A ′ n ) ) → 0 in both cases. These imply that f n → 0 weakly. So
Thus N Φ (R u (f n )) ≥ β 2 − ε. Also, there exists compact operator T ∈ L(L Φ (Σ)) such that R u e ≥ T − R u − ε. Hence N Φ (T f n ) → o and so there exists N > 0 such that for each n > N , N Φ (T f n ) ≤ ε. So R u e ≥ R u − T − ε ≥ |N Φ (R u (f n )) − N Φ (T f n )| ≥ β 1 − ε − ε, thus we conclude that R u e ≥ β 1 . (b) Let Φ ∈ △ 2 and a n → 0 or {a n } n∈N has no convergent subsequence. Then β = M u e .
